We present a finite-temperature extension of the retarded cumulant Green's function for calculations of exited-state and thermodynamic properties of electronic systems. The method incorporates a cumulant to leading order in the screened Coulomb interaction W and improves excited state properties compared to the GW approximation of many-body perturbation theory. Results for the homogeneous electron gas are presented for a wide range of densities and temperatures, from cool to warm dense matter regime, which reveal several hitherto unexpected properties. For example, correlation effects remain strong at high T while the exchange-correlation energy becomes small. In addition, the spectral function broadens and damping increases with temperature, blurring the usual quasi-particle picture. Similarly Compton scattering exhibits substantial many-body corrections that persist at normal densities and intermediate T . Results for exchange-correlation energies and potentials are in good agreement with existing theories and finite-temperature DFT functionals. Finite temperature (FT) effects in electronic systems are both of fundamental interest and practical importance. These effects vary markedly depending on whether the temperature T is larger or smaller than the Fermi temperature T F (typically a few eV). At "cool" temperatures, where T is much smaller than T F , electrons are nearly degenerate, and Fermi factors and excitations such as phonons dominate the thermal behavior [1] [2] [3] . In contrast thermal occupations become nearly semi-classical and electronic excitations such as plasmons become important in the warm-dense-matter (WDM) regime, where T is of order T F or larger, and condensed matter is partially ionized. Recently there has been considerable interest in both experimental and theoretical investigations of WDM for applications ranging from laser-shocked systems and inertial confinement fusion to astrophysics [4, 5] . Many of these studies focus on equilibrium thermodynamic properties, e.g., using the FT generalization of density functional theory (DFT) [6] [7] [8] . Although in principle, FT DFT is exact [9] [10] [11] , practical applications require exchange-correlation functionals which must be approximated, e.g., by constrained fits [12] to theoretical electron gas calculations [8, [13] [14] [15] [16] [17] . However, these approaches have various limitations. First, many materials properties such as optical and x-ray spectra depend on quasi-particle or excited-state effects. For example, band-gaps depend on quasi-particle energies, and calculations of x-ray spectra [18] and Compton scattering require correlation corrections [19] . Although methods like quantum Monte-Carlo and the random phase approximation (RPA) can provide accurate correlation energies, they are not directly applicable to such excited state properties. Secondly, currently available exchangecorrelation functionals can exhibit unphysical behavior outside the range of validity of theoretical data [20] . On the other hand Green's function (GF) methods within many-body perturbation theory (MBPT) provide a systematic framework for calculations of both excited state and thermodynamic equilibrium properties, including total and correlation energies. Such methods are widely used at T = 0, as are FT generalizations in applications ranging from phonon-effects at low T [1-3, 21] to nuclear matter [22] . Nevertheless, while the theoretical formalism is well established, relatively little attention has been devoted to practical applications of FT GF methods at high T . Methods for FT exchange-correlation potentials have also been developed [23], and quasi-particle corrections have been addressed using the quasiparticle self-consistent GW approximation (QPSCGW) [24] , but many excited state properties remain unexplored.
Finite temperature (FT) effects in electronic systems are both of fundamental interest and practical importance. These effects vary markedly depending on whether the temperature T is larger or smaller than the Fermi temperature T F (typically a few eV). At "cool" temperatures, where T is much smaller than T F , electrons are nearly degenerate, and Fermi factors and excitations such as phonons dominate the thermal behavior [1] [2] [3] . In contrast thermal occupations become nearly semi-classical and electronic excitations such as plasmons become important in the warm-dense-matter (WDM) regime, where T is of order T F or larger, and condensed matter is partially ionized. Recently there has been considerable interest in both experimental and theoretical investigations of WDM for applications ranging from laser-shocked systems and inertial confinement fusion to astrophysics [4, 5] . Many of these studies focus on equilibrium thermodynamic properties, e.g., using the FT generalization of density functional theory (DFT) [6] [7] [8] . Although in principle, FT DFT is exact [9] [10] [11] , practical applications require exchange-correlation functionals which must be approximated, e.g., by constrained fits [12] to theoretical electron gas calculations [8, [13] [14] [15] [16] [17] . However, these approaches have various limitations. First, many materials properties such as optical and x-ray spectra depend on quasi-particle or excited-state effects. For example, band-gaps depend on quasi-particle energies, and calculations of x-ray spectra [18] and Compton scattering require correlation corrections [19] . Although methods like quantum Monte-Carlo and the random phase approximation (RPA) can provide accurate correlation energies, they are not directly applicable to such excited state properties. Secondly, currently available exchangecorrelation functionals can exhibit unphysical behavior outside the range of validity of theoretical data [20] . On the other hand Green's function (GF) methods within many-body perturbation theory (MBPT) provide a systematic framework for calculations of both excited state and thermodynamic equilibrium properties, including total and correlation energies. Such methods are widely used at T = 0, as are FT generalizations in applications ranging from phonon-effects at low T [1-3, 21] to nuclear matter [22] . Nevertheless, while the theoretical formalism is well established, relatively little attention has been devoted to practical applications of FT GF methods at high T . Methods for FT exchange-correlation potentials have also been developed [23] , and quasi-particle corrections have been addressed using the quasiparticle self-consistent GW approximation (QPSCGW) [24] , but many excited state properties remain unexplored.
In an effort to address these limitations, we have developed a finite-T extension of the retarded cumulant Green's function [25, 26] . The cumulant approach has been successful at zero T in elucidating correlation effects beyond the GW approximation of MBPT in a variety of contexts [27] [28] [29] [30] [31] [32] . For example, in contrast to GW , the approach explains the multiple-plasmon satellites observed in x-ray photoemission spectra (XPS) [27, [33] [34] [35] [36] . However, the behavior in WDM is hitherto unexplored and exhibits a number of unusual and unexpected properties. As an application relevant to FT DFT, we have implemented the approach for the homogeneous electron gas (HEG). Our results show that besides reductions in quasi-particle energy shifts (and hence band-gaps) with increasing T , the spectral function broadens and the excited states become strongly damped, corresponding to short mean-free-paths, blurring of the conventional quasi-particle picture, and smeared-out band-structure. Finally thermodynamic properties including exchangecorrelation energies are calculated using the GalitskiiMigdal-Koltun (GMK) sum rule [37] [38] [39] , which serves as a quantitative check on our approximations and yields results that compare well with existing theories [13] , and with FT DFT functionals [12] .
Briefly our approach is based on the finite-T retarded Green's function formalism [38] . Below we outline the key elements of the approach. The retarded one-particle FT Green's function G(ω) satisfies a Dyson equation
, where Σ is the retarded self-energy. Formally Σ can be found by analytical continuation of the Matsubara self-energy to real frequencies, and can be expressed in terms of G, the screened Coulomb interaction W = ǫ −1 v, and a vertex function Γ [25, 40] . Here and below matrix indices are suppressed unless otherwise specified, and we use atomic units e =h = m = 1. Most practical calculations currently ignore vertex corrections (Γ = 1). With this restriction, a variety of FT approximations have been used: For example, the GW approximation is based on the Dyson equation and MBPT to first order in W ; then Γ = 1 and 25, 41] . As a further approximation, the quasi-particle self-consistent GW approach (QPSCGW) [24] starts with the GF on the Keldysh contour; while self-consistency is carried out, vertex corrections, satellites, and damping are ignored. In contrast the retarded cumulant GF method used here is based on an exponential representation (see below) that builds in implicit dynamic vertex corrections [25, 33] . This form can be justified using the quasi-boson approximation [25] , in which electronelectron interactions are represented in terms of electrons coupled to bosonic excitations. This approach is an improvement over GW for spectral properties [36] , and is exact for certain models [42] . More elaborate GF methods exist at least in principle, including higher order MBPT [43, 44] , and dynamical mean-field theory with impurity Green's function's [45, 46] , but are more demanding computationally.
The retarded cumulant expansion begins with an exponential ansatz for the FT GF in the time-domain for a given single-particle state k in which G is assumed to be diagonal, and the spectral function A k (ω) is obtained from its Fourier transform,
In this formulation static exchange and correlation contributions are separated C k (t) = −iΣ
, and all correlation effects are included in the dynamic part C k (t) of the cumulant. Here Σ x k = Σ q n k−q v q is the exchange part of the FT Hartree-Fock one-particle energy, ε
is the bare energy, and v q = 4π/q 2 is the bare Coulomb interaction. This formulation is directly analogous to that for T = 0 [26] , apart from implicit temperature dependence in it's ingredients. The retarded cumulant C k (t) can be obtained by matching terms in powers of W to those of the Dyson equation [26, 36] . Carried to all orders the cumulant GF is formally exact; however, by limiting the theory to first order in W ,
GW is sufficient to define the FT cumulant.C(t) has a Landau representation, which implies a positivedefinite spectral function and conserves spectral weight [25, 42, 47] ,
The kernel γ k (ω) reflects the quasi-boson excitation spectrum in the system, with peaks corresponding to those in
The basic ingredients in the theory Eq. (1-3) , are thus G 0 , the GW self-energy Σ GW , and the screened Coulomb interaction W (q, ω) = ǫ −1 (q, ω)v q , where ǫ(q, ω) is the dielectric function. These quantities can be calculated using standard finite-T MBPT [1, 38] , starting from the Matsubara Green's function. The finite-T analog of the GW self energy for electrons coupled to bosons is (cf. the
Here N (ω) = 1/(e βω − 1) is the Bose factor, f (ε) = 1/(e β(ε−µ) + 1) the Fermi factor, β = 1/k B T , and µ(T ) is the chemical potential, as determined below. The imaginary part of Σ GW (ω) yields γ k (ω) (Fig. 1 top) . At high-T the behavior of γ k is dominated by the Bose factors N (ω) ∼ k B T /ω and becomes strongly symmetric about ω = 0. To obtain W we use the FT-RPA approximation for the dielectric function,
The imaginary part of ǫ(q, ω) is analytic [48, 49] , and the real part is calculated via Kramers-Kronig transform. This yields the finite-T loss function L(q, ω) = |Im ǫ −1 (q, ω)|. For the HEG L(q > 0, ω) exhibits broadened and blue-shifted plasmon-peaks with increasing T [49] . The chemical potential µ = µ(T, N ) implicit in the Fermi factors f (ω) is determined by enforcing charge conservation Σ k n k = N (T ) , where the single-particle occupation numbers n k (T ) are given by a trace over the spectral function [37] ,
Occupation numbers can be measured e.g., by Compton scattering [19, 50, 51] , and are sensitive to the many-body correlation effects in A k . Note that at low-T , A k (ω) exhibits multiple-satellites for k < k F while for k > k F and at T > T F , the quasiparticle peak broadens, and overlaps the satellites. Thus in WDM the structure of A k blurs into single asymmetric peak with a centroid at ε x k (T ) and root mean square width δ k given by the 2nd cumulant moment of
. A dimensionless measure of correlation is given by the satellite strength in the spectral function a k ≡ ln(1/Z k ) = dωγ k (ω)/ω 2 , where Z k is the renormalization constant, which is determined from the last term in Eq. (3). This measure corresponds to the mean number of bosonic excitations and is of order 0.2r 3/4 s (r s being the Wigner-Seitz radius) for plasmons at T = 0 [25] . Surprisingly a k is only weakly dependent on temperature with Z kF ≈ 0.6 at r s = 4. Formally the structure of the Landau cumulant in Eq. (3) is consistent with the conventional quasi-particle picture, i.e., a renormalized main peak red-shifted by a "relaxation energy" ∆ k and a series of satellites. The correlation part of the quasi-particle energy shift ∆ k is obtained from middle term in Eq. (3), while the first term gives rise to satellites at multiples of the plasmon peak ω p . The quasi-particle energy is then ε qp k = ε k + ∆ k , where
The real part ∆ ′ k is the relaxation energy which is comparable to that in QPSCGW [24] . Due to the increasingly symmetrical behavior of γ k (ω), ∆ ′ decreases smoothly with T . However, a striking difference with the T = 0 behavior is the presence of an imaginary part ∆ ′′ k even at the Fermi momentum, which becomes large at high-T since γ k (0) = 0. This behavior implies strongly damped propagators that blur the usual quasi-particle picture, smearing band-gaps and band-structures. This behavior is clearly evident in the spectral function A k (ω) = (1/π)|Im G k (ω)| [37, 38] , which is directly related to xray photoemission spectra (XPS) (Fig. 1) . In contrast, the GW spectral function retains satellite structure even at high T (Fig. 1 inset) .
One of the advantages of the cumulant formalism is that is provides an alternative approach to calculate thermodynamic equilibrium properties. Remarkably, knowledge of µ(T ) is sufficient to determine the FT DFT exchange-correlation potential for the HEG [52] , v xc (T ) ≡ µ xc (T ) = µ(T ) − µ 0 (T ), where µ 0 (T ) is the chemical potential for non-interacting electrons (Fig. 3) . Clearly the agreement with existing FT DFT exchange-correlation potentials and theoretical calculations is quite good. Moreover, the FT total energy per particle ε(T ) ≡ E(T )/N , can be calculated from the GMK sum-rule [37] [38] [39] ,
which is valid for any Hamiltonian with only pair interactions. Here ε H is the Hartree energy. This relation is similar in form to the zero-T Galitskii-Migdal sum-rule, except for the Fermi factor. Our results for ε xc (T ) for the HEG are shown in Fig. 3 . Clearly the agreement between the cumulant results, accurate restricted pathintegral Monte Carlo (RPIMC) calculations [13] , and existing FT DFT functionals [12] is quite good. At T = 0, ε xc was found to be slightly better with the retarded cumulant than with G 0 W 0 , but self-consistent GW gave better total energies [26] . Finally, we calculate the Compton spectrum (Fig. 4) following Ref. [53] , At small T , effects of correlation are very noticeable, leading to an effective temperature T * (i.e. the temperature at which free-electron calculations match the interacting one) of (T * −T )/T F ≈ 0.3 (see inset), while at high-T the effect is smaller but non-negligible, (T * − T )/T F ≈ 0.1.
In summary we have developed a finite-T Green's function approach for calculations of both excited state and thermodynamic properties over a wide range of densities and temperatures. Our approach is based on the retarded cumulant expansion to first order in W . This approximation greatly simplifies the theory and provides a practical approach both for calculations and the interpretation of exchange and correlation effects in terms of the behavior of retarded cumulant C k (t), which is directly related to the FT GW self energy Σ GW . The cumulant GF builds in an approximate dynamic vertex, going beyond the GW approximation, yet is no more difficult to calculate. Differences with respect to GW provide a measure of vertex effects and hence the accuracy of the theory. Although we have focused on the HEG, reflecting the importance of density fluctuations at high-T , the cumulant can be generalized to include additional quasi-boson excitations such as phonons since the leading cumulant is linear in bosonic couplings [32] . The method provides an attractive complement to FT DFT, RPA, and RPIMC methods which are appropriate for correlation energies but inapplicable for many excited state properties. Illustrative results for the HEG explain the crossover in behavior from cool to WDM regimes and the blurring of the conventional quasi-particle picture. The crossover is largely due to an enhanced coupling to density fluctuations at high-T . We find that correlation effects remain strong at all temperatures and can have significant effects on spectral properties. Calculations of thermodynamic equilibrium quantities including exchange-correlation energies and potentials are in good agreement -typically within a few percent -with existing DFT functionals and quan-tum Monte Carlo (QMC) calculations. Many extensions are possible, ranging from excited state, spectroscopic to thermodynamic properties of realistic systems, and potentially to the development of improved FT DFT functionals [8] e.g., in regimes inaccessible to conventional methods.
